Abstract. The Mellin transformation is used as a method for discovery of cases where the partial derivatives with respect to parameters for certain Whittaker and Bessel functions can be expressed in terms of finite sums involving these functions. These results are easily generalized to the G-function, from which, by specialization, formulas involving hypergeometric and other functions can be obtained. For notation, definitions, and formulas, refer to [l], [2] . The formula for the xp function, which is of particular use in our manipulations, is
1. Introduction. In a recent paper, Laurenzi [4] obtained finite sum expansions for the partial derivative of W^i/2(z) with respect to k at a positive integral values of <c expressed in terms of Vty1/2(z). He also obtained analogs for M.,i/2(z). Similar expressions are known for certain other functions; for example, Abramowitz and Stegun [l] list partial derivatives with respect to order for the Bessel functions J,, Y,, I,, and K, at nonnegative integral values of v and at v = ±\ and for the Legendre functions dPjdv and dP~l/dv at v =0 and dP~l/dv at v = 1. The purpose of our paper is to indicate a method of discovering such formulas and their generalizations by use of the properties of the Mellin transformation along with simple identities involving the r and xp functions.
For notation, definitions, and formulas, refer to [l], [2] . The formula for the xp function, which is of particular use in our manipulations, is ,1. ,1 1 An ,, ^ v (-D*1^! r(o) ( 
1) xP(a+N) -xp(a)=J_1 fx k(N-k)\ T(a+k)'
This comes from formula (30) on p. 19 of [2] where the series terminates if 2 = N, a nonnegative integer. The symbols j, k, l, m, n, p, q, M, N shall represent integers throughout our work. (2) Jt\e'x/2WtJx)} = T(p+^+s)T(-p+^+s)/T(-K + l+s)=g(s), valid for Re(s) > | Re(,u) | -i. If we differentiate with respect to the parameter k, we obtain
Noting also the effect of differentiation with respect to s of a Mellin transform of a function, we have
The combination of (3) and (4) gives us
If both k -\-p -i and k -p -\ are integers, then we can use (1) to express the differences of the xp functions, which appear in (5), as finite sums. Consequently, we may as well set <c = N/2 +i and p = M/2 with M and N of the same parity. There are four cases to consider, depending upon the signs ofM+N and of M -N (these correspond to the cases of the signs of c -a -1 and of a for the hypergeometric function *(a,c;x)).
If M-\-N g 0, the application of (1) allows simplification of the T-function quotient so that, from (2), we have g(s)(xp(-N/2 + l +s) -xp(M/2+\ +s))
similarly for N -m ^ 0 we have
Combining (5), (6), and (7), we obtain
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use On the other hand, if -(M-\-N) ^ 0, the simplification of (6) does not occur; however, we have
where we have used formulas (3) and (9) 
Further, for -Mi^Ni^M, the second sum of (8) is analogously replaced by a sum of the form of (11) with M replaced by -M. These two forms can be rewritten in several manners by use of the derivative and recurrence formulas on pp. 22, 27, and 28 of [5] ; one example of this is to use (2.4.16) to obtain D-M-Hx-ke-x/2x-l/2Wm+m+v2,0(x)) .
Substituting (12) into (11) and interchanging the order of summations, we obtain in place of (11) 
for -M^N^M, M and iV integers of like parity, and with Q(M) given by (14).
For N 5; M ^ -.rV, both sums of (8) must be replaced by sums which involve the G^-function; reduction to the Whittaker function does not seem to be possible, except when one of the equalities holds, cases covered already by (15) and (16). (15) and (16) can also be written down directly, but, again, the case N ^ M ^ -N seems not to be representable in terms of Whittaker functions. This is somewhat disappointing in view of the possibility of connecting these formulas to the partial derivative with respect to order of the Bessel function of the third kind by means of the relation
The formula -^{-™£Äw~'(lJ-K°(2,''',)} If, in a manner analogous to (12), the derivative of order N -k is represented as a sum, the order of summation interchanged, and the inner sum then simplified to the value 1, we obtain a formula equivalent to (20).
4. Generalizations to the G-Function. Since the Mellin transform of the G-function is a quotient of products of r-functions, it seems a natural direction for generalization of these partial derivative formulas. The methods used to discover formulas (8) which is equivalent to formula (10.2.34) on p. 445 of [l] .
As a further example, we display a formula involving the hypergeometric function of Gauss, from which other special cases can be obtained. By use of (26) If we next expand the differential operator (u2Du)Nk which is applied to the product, we have With the expansion of the partial derivative in (30), we see that (29) can then be obtained.
As a final example, we note that 2 F¡ can be expressed in terms of Gegenbauer functions C'a (see Section 3.15) of [2] ), so that (29) for tr -7V/2 not zero or a negative integer and N = 0.
